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Abstract

Small area estimation (SAE) has been widely used as an indirect estimation technique for geographic profiling of

poverty indicators. Three unit-level SAE techniques: the method of Elbers, Lanjouw, and Lanjouw (2003) also

known as ELL or World Bank method, the Empirical Best Prediction (EBP) method of Molina and Rao (2010), and

the M-Quantile (MQ) method of Tzavidis et al. (2008), have been widely used to estimate the micro-level FGT

poverty indicators: poverty incidence, gap and severity (Foster et al., 1984). The three methods have in common that

they use both unit level survey data and (possibly model-based) unit level census data. However, they differ in their

applicability because real data sets do not always follow their underlying assumptions. The performance of these

three methods is compared in terms of small area poverty estimates and their standard errors. The effects of using a

model-based unit record census data reconstructed from available cross-tabulations are discussed, as are the effects of

small area-heterogeneity and cluster-heterogeneity in the over-arching superpopulation model. The three methods

also have variants. A three-level nested-error regression model-based ELL method is applied for comparison with the

standard two-level model-based ELL method which does not contain a random component at small area level, and

with EBP and MQ. A comparison study uses a simulation based on 2003 data from Bangladesh. An important finding

is that the number of small areas for which a method is able to produce sufficiently accurate estimates is more often

driven by the type of data available than by the model per se.

Keywords: Empirical Best Prediction; ELL; M-quantile; small area estimation; unit record census data.
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Background

• This talk examines three methods for small area estimation which all use unit record survey data 

and possibly different types of contemporaneous unit record census data.

• The three methods are:

• ELL (Elbers, Lanjouw and Lanjouw, 2003; also known as the World Bank method)

• EBP - Empirical Best Prediction  (Molina and Rao, 2010)

• MQ – M-quantile Method (Tzavidis et al., 2008).

• All three methods use the survey data to create a model to predict the outcome variable at census 

unit-record level (usually income per capita, measured at household level).

• ELL uses actual unit record census data. EBP and MQ almost always use model-based unit 

record census data, reconstructed from available contingency tables. This difference is driven by 

data availability. 
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Small Area Methodologies for Poverty Estimation 

 
Consider a finite population of size N  divided into D  small domains or areas of size 

1 2, ,..., DN N N  and let 
ikE  be the income or expenditure for individual k  in the thi domain. If 

ikE  

is less than a poverty line t, the thk individual will be considered as below the ‘poverty line’.  

The Foster, Greer and Thorndike (1984) FGT poverty measures for domain i are calculated as 
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                              where  
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   .  

The FGT poverty indicators iF  are then defined as poverty incidence (or Head Count Ratio) 

if 0  , poverty gap if 1  , and poverty severity if 2  .  
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The World Bank (ELL) Method 

 

In ELL, a nested error linear regression model has households (HHs) at level one and clusters 

at level two: 
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There is no small area level random effect in this 2 level model (ELL.2L), though in principle 

one may be added (ELL.3L). The normality assumptions may be, and often are, loosened. 
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The Empirical Best Prediction (EBP) Method 

 
In the EBP method, the small area or domain of interest (which is an aggregate of clusters) is 

considered to have a non-zero mean small area specific random effect in the model for the 

response variable. The 2-level nested error regression model is  
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where 
i  and 

ik  are small area and HH specific random errors respectively. 
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The M-Quantile (MQ) Method 

 
The M-quantile of order q for the conditional distribution of a random variable y  and a 

vector of P covariates x, denoted by  ;qQ x
 
is the solution of the estimating equation  

    ψ ; | d 0  x xq qy Q f y y
  

where   is an asymmetric influence function.  

Let  ,k kyx , 1,..,k n  be the values of  , yx  for sampled individual k . Then a linear MQ 

regression model for 
ky given 

kx  assumes that the thq  M-quantile satisfies  

           ψ| ,ψ  βqQ qy X X ,  

where the thk  element of y is 
ky  and the thk  row of X is xk

. 
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The M-Quantile (MQ) Method (cont.) 

 

For a specified q  and continuous ψ , the MQ regression parameters  ψ qβ are estimated by 

solving the estimating equations  

  1

1

ψ 



    x 0
n

q k k

k

r q   

where     ψ
ˆ x β

t

k k kr q y q ; 

          1ψ ( ) 2ψ ( ) * ( ) 0 1 * ( ) 0    q k k k kr q r q q I r q q I r q ; and  

  is a suitable robust estimate of the scale of the residuals. 
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Similarities and differences: ELL, EBP and MQ

• All the three methods ignore either cluster-variability or area-variability under a true three-level

superpopulation model.

• The MQ method is free from distributional assumptions for random effects; however the area-specific MQ

coefficient behaves similarly to area-specific random effects.

• The ELL method uses contextual variables to control small area level random variation. The ELL method

may be biased and underestimate standard errors if a negligible amount of between-area variation remains in

the distribution of the response variable even after inclusion of contextual variables in the model. A similar

problem is also expected in both EBP and MQ methods.

• In practice, the area level random effects are difficult to check from national sample surveys for ELL

because of its larger number of small areas than EBP and MQ, which means that many small areas contain

either zero or one cluster which confounds estimation of each separately.



10

Model based unit record census data

• Model-based census data, which like unit record census data must still be

contemporaneous with the census, is generally created from a set of available cross-

tabulations because the actual unit record census data is unavailable. The margins used

(either as measured variables or their interactions) are necessarily categorical and

provide sufficient statistics for an implicit loglinear model, one which can only be

tested using the limited number of tabulations available as margins. The complexity of

the actual unit record census data beyond the available cross-tabulations can neither be

modelled nor tested.

• One consequence is that, because no census data is available at cluster level, cluster-

level contextual variables and cluster-level random effects cannot be used in the survey

model and the SAEs, since only variables that occur in both survey and census data can

be used in the survey based model.
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Availability of actual unit record census data

• More-developed countries, where EBP and MQ has been used more often than ELL,

almost invariably require use of such model-based census data, often without the

government statistical agencies involved recognising that this data access restriction

severely limits the efficiency of SAE methods. In comparison, ELL has frequently been

used in under-developed countries for which unit record census data has been made

available under a confidentiality agreement.

• The complexity and utility of the survey model and hence the accuracy of the SAEs or

the number of small areas for EBP and MQ would be greatly enhanced if actual unit

record census data were available. Even contextual variables used in ELL at cluster

level could be used in EBP and MQ survey based models to make error variances at

small area and cluster level smaller; use of contextual variables would also allow the

possibility that the small area effects in the survey model are zero mean even when

conditioned on a particular small area.
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Fair comparison of ELL, EBP and MQ

• The risk for EBP and MQ when using model based unit record census data is

untestable omitted variable bias driven by limited data availability in both the model-

based census data and the survey model.

• This disadvantages EBP and MQ in any comparison with ELL that is based on the

most often type of census data source for each technique.

• In the simulation that follows all three methods have used the same unit-record census

data which, by using non-aggregated data, is not model based in being constructed

from contingency tables only.
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An Empirical-based Simulation Study

- The simulation compares the three SAE methods for poverty under a scenario as

similar as practical to that used in developing countries.

- The first poverty mapping study in Bangladesh was conducted by BBS and UNWFP

(2004) using the Household Income and Expenditure Survey (HIES) 2000 (BBS,

2003) which uses a standard stratified cluster design with n=7248, and a 5% sub-

sample of unit record data from the Bangladesh Population and Housing Census 2001.

The simulation is based on these two datasets.

- The available census data is unusual in being subsampled; this required a model be

used to simulate both census and survey.

- A three-level linear model with small area, cluster and HH random effects, using

parameters estimated from HIES 2000 was used to simulate the census.



14

- The 3-level model for the simulation favours ELL.3L and disadvantages ELL.2L, EBP &

MQ.

- Possibly due to using a different model fitting techniques and 5% census subsampling,

small area variance was estimated from HIES 2000 at about half the cluster level variance,

a much higher ratio than in Cambodia (Haslett, Jones & Sefton, 2013), Bangladesh

(Haslett, Jones & Isidro, 2014), the Philippines (Haslett & Jones, 2005), or Nepal (Haslett,

Jones, Isidro and Sefton, 2014).

- The subsample, although claimed to be a systematic sample, is clustered; unlike most

developing world SAE studies the contextual variables are estimates only based on this

subsample, and are not available at subcluster level, which limits their effectiveness for

controlling area level variation.

- EBP requires sample in every small area, so only small areas containing sample have been

used in the simulation.

Simulation Study (cont.)
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A 3-level model has been used to generate log-transformed per capita HH expenditure for each 

simulated census is  

 
         

     

3 3 3 3
ˆ ˆˆy ;   ,

0,0.0086 ,  0,0.0186 ,  0,0.1135

T

ijk ijk i ij ijk

i ij ijk

u e MN

N u N e N

   



x β β β v β
  

where “MN” stands for multivariate Normal and 
 3
β  is the vector of regression parameters 

under the 3-level model. 

Simulation Model
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In the BBS & UNWFP (2004) study, 30 explanatory variables (including separate

categories for categorical variables, and two-way interactions) were used at HH or sub-

district level in a robust regression model that accounts for complex survey design and

gives consistent covariance matrix estimates.
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We first consider simulating L=500 censuses under a superpopulation model,

then drawing a sample from each using a design that parallels HIES2000.

Simulation Results
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Figure 1: Distribution of Relative Bias (%RB) of ELL.2L, ELL.3L, EBP and MQ

estimators of FGT poverty indicators over 500 simulations
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Figure 2: Distribution of Relative RMSE (%RRMSE) of ELL.2L, ELL.3L, EBP and MQ 

estimators of FGT poverty indicators over 500 simulations
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• The number of sampled PSUs per area has a substantial influence,

because about 75% sampled areas have single sampled cluster.

• So in Figure 3, RB and RRMSE of four estimators are plotted by

dividing the areas into those with single and multiple clusters sampled

per small area.
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Figure 3: Distribution of %RB and %RRMSE of ELL.2L, ELL.3L, EBP and MQ estimators

for HCR over 500 simulations by areas with single and multiple sampled clusters
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• Figure 3 shows ELL estimators perform similarly, but EBP and MQ estimators behave differently.

• The EBP estimator shows stable distributions of RB and RRMSE for small areas with multiple clusters when

compared to those with single cluster.

• The MQ estimator behaves similarly to the ELL estimators for the single sampled cluster small areas, but

shows higher negative RBs and smaller RRMSE for areas with multiple clusters.

• Estimates from EBP and MQ are markedly influenced by the number of sampled clusters per small area.

• The advantage ELL has in the simulation in part reflects the design of HIES2000 which has many small

areas with only one sampled cluster.
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Figure 4: Distribution of Rank Correlations between the true FGT measures and their

estimates by ELL.2L, ELL.3L, EBP and MQ estimators over 500 simulations
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• The distribution of Spearman rank correlations between true and estimated FGT in Figure 4

examine whether the bias changes small area ranking of poverty estimates.

• The MQ estimator provides good performance in ranking sub-districts (small areas)

according to poverty, even though it has significant downward RB. Performance of the MQ

estimator also remains the same for all three FGT measures.

• ELL and EBP estimators show a slightly downward trend with increasing degree of the FGT

measures.

• The EBP estimator shows the poorest rank correlations for all FGT measures.
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However, Figures 1-4 represent a situation that is not feasible to measure

outside a simulation study, namely assessment of RB and RRMSE over a

number of different “equivalent” populations generated from a

superpopulation.
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• In real SAE problems, there is only one population, so RMSE must instead be

estimated using pseudo-censuses for a fixed population (corresponding to only one

simulated census) rather than across a set of simulated censuses.

• To gauge how well the various SAE methods estimate their accuracy given only one

census, the area-specific averages of estimated RMSEs over the L=100 pseudo-

censuses are plotted against the true simulated RMSE of FGT indicators in Figure 5.
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Figure 5: Average of Estimated RMSE of estimated FGT measures by ELL.2L, ELL.3L,

EBP and MQ estimators against the true simulated RMSE over 100 simulations

PG
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Figure 6: Average of Estimated RMSE of estimated FGT measures by ELL.2L, ELL.3L, EBP

and MQ estimators over 100 simulations against population size of each area
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Figure 7: Coverage Rate (%CR) of ELL.2L, ELL.3L, EBP and MQ estimators of FGT

measures over 100 simulations against population size of each area

PG PS
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The lower estimated RMSE and lower CR are due to ignoring the between-area

variability in the ELL.2L estimator and the failure of the EBP and MQ estimators

to capture cluster-level variation.



Conclusions

• It is possible to construct reasonably realistic scenarios for third world poverty in which

none of standard ELL, EPB or MQ work particularly well for small area estimation.

• Although each of the methods can fail, they tend to fail for different reasons: ELL if

there is significant small area variance not accounted for by contextual variables; and

EBP and MQ if there is significant cluster level variation.

• The complexity and utility of the survey model and hence the accuracy of the SAEs or

the number of small areas for EBP and MQ would be greatly enhanced if actual unit

record census data were available.

• All three methods would then work much better, and be able to produce finely detailed

small area estimates even when there is no sample in a small area by using good

contextual variables at sub-cluster level.
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Conclusions (cont.)

• Contextual variables currently used in ELL at cluster or sub-cluster level could be used in EBP

and MQ survey models to make error variances at small area and cluster level smaller;

contextual variables would also allow the possibility that small area effects in the survey model

are zero mean even when conditioned on a particular small area.

• For EBP, estimation of a non-zero mean random effect for every small area is instead required,

which is why EBP needs sample in every small area. The size of the small areas from EBP is

consequently large in comparison with ELL.

• The greater number of small areas for which ELL is potentially able to produce sufficiently

accurate estimates in comparison with EBP and MQ is then data rather than model driven.

• Note however that there is a conflict, with confidentiality requirements in developed countries

being stricter than the confidentiality agreement on release of unit record census data available

in many third world countries.

• Is international use of DataLabs at government statistical agencies and hubs with access to unit

record census data under a tight protocol for data security a possibility?
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Supplementary Table 1: Classification of primary sampling unit (PSU) in HIES 2000 and Census 2001

HIES PSU Classification (RMO) HIES Stratum Census PSU Classification (RMO) Census Stratum

1=Rural Stratum 1 1=Rural Stratum 1

2=Non-metropolitan Urban Stratum 2 2=Urban municipality Stratum 2

4=Metropolitan Urban Stratum 3 3=Other Urban Stratum 1

5=Extra Metropolitan PSU selected for HIES 2000 Stratum 3 4=Statistical Metropolitan Area (SMA) Stratum 3

Supplementary Table 2: Stratum, PSU, HH in HIES 2000 by HIES & Census PSU Classification

Stratum 1 2 3 4 5 6 7 8 9 10 11 12 13 14 Total

Division Barisal Chittagong Dhaka Khulna Rajshahi

No. PSU 26 10 60 10 32 69 10 70 29 8 22 68 12 16 442

No. HH 20 20 20 20 10 20 20 10 20 20 10 20 20 10 7440

HIES RMO 1 2 1 2 4,5 1 2 4,5 1 2 4,5 1 2 4,5 -

Census RMO 1,3 2 1,3 2 4 1,3 2 4 1,3 2 4 1,3 2 4 -



Name Meaning Level Name Meaning Level

electric Has electricity HH
hhhprmed HH head not completed primary education HH

ilattr_1 Sanitary latrine HH

ilattr_3 No latrine HH child5p proportion of HH under 5 HH

iwater1 Drinking water from tap HH literatep proportion of literate people in house HH

ibuild_3 Semi-pucca house HH femalep proportion of females in HH HH

ibuild_4 Pucca house HH ownaglnd Owns agricultural land HH

owner Own house HH mhhsize Average HH size Sub-district

rural Designated as a rural area HH depratio
population under 15 or over 60 / population 15-

59
Sub-district 

workst2p Proportion of employees/family helpers/other HH
paginc Proportion of HHs with agriculture as main 

income source
Sub-district 

workst3p Proportion of self-employed HH idiv_1 HHs in Barisal Division Division

iincom_3 Main income source from transport, construction HH idiv_2 HHs in Chittagong Division Division

num_hh Number of HH members HH idiv_4 HHs in Khulna Division Division 

num_hh2 (num_hh-mean(num_hh))2 HH idiv_5 HHs in Rajshahi Division Division

Supplementary Table 3: List of auxiliary variables available in Census 2001 & HIES 2000 and used in final model

Note: variables beginning with ‘i’ are indicator variables
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Variables 
2-level Model 3-level Model 

Est. SE t p Est. SE t p 

Intercept   6.94 0.14 49.54 0.00 6.88 0.15 44.82 0.00 

electric 0.22 0.01 17.49 0.00 0.22 0.01 17.43 0.00 

ilattr_1 0.11 0.01 8.13 0.00 0.11 0.01 8.12 0.00 

ilattr_3 -0.13 0.01 -8.92 0.00 -0.13 0.01 -8.93 0.00 

iwater_1        0.15 0.03 6.01 0.00 0.16 0.03 6.19 0.00 

ibuild_3         0.11 0.02 5.65 0.00 0.11 0.02 5.82 0.00 

rural -0.09 0.04 -2.05 0.04 -0.08 0.04 -1.87 0.06 

owner 0.12 0.01 8.15 0.00 0.12 0.01 8.02 0.00 

ibuild_4        0.32 0.03 11.11 0.00 0.32 0.03 11.15 0.00 

workst2p -0.23 0.01 -17.62 0.00 -0.23 0.01 -17.68 0.00 

workst3p -0.14 0.02 -6.91 0.00 -0.15 0.02 -7.11 0.00 

iincom_3        -0.07 0.01 -7.00 0.00 -0.07 0.01 -6.99 0.00 

num_hh -0.08 0.00 -21.79 0.00 -0.08 0.00 -21.77 0.00 

num_hh2 0.01 0.00 11.16 0.00 0.01 0.00 11.16 0.00 

hhhprmed -0.16 0.02 -9.12 0.00 -0.16 0.02 -9.06 0.00 

literatep 0.39 0.02 24.07 0.00 0.39 0.02 24.15 0.00 

child5p -0.53 0.03 -17.72 0.00 -0.53 0.03 -17.66 0.00 

mhhsize 0.09 0.03 2.72 0.01 0.10 0.04 2.93 0.00 

depratio -0.38 0.09 -4.32 0.00 -0.39 0.09 -4.12 0.00 

paginc 0.07 0.07 0.98 0.33 0.03 0.07 0.41 0.69 

idiv_1 -0.04 0.04 -1.19 0.24 -0.03 0.04 -0.75 0.45 

idiv_2 0.15 0.03 4.84 0.00 0.15 0.03 4.24 0.00 

idiv_4 -0.17 0.03 -5.77 0.00 -0.16 0.03 -4.86 0.00 

idiv_5 -0.17 0.03 -6.01 0.00 -0.14 0.03 -4.65 0.00 

female*rural -0.19 0.03 -6.49 0.00 -0.19 0.03 -6.49 0.00 

ibuild_3*rural 0.15 0.03 5.11 0.00 0.15 0.03 5.02 0.00 

owner*ibuild_4 0.10 0.03 2.99 0.00 0.10 0.03 3.17 0.00 

rural*workst3p 0.19 0.02 8.25 0.00 0.20 0.02 8.43 0.00 

rural*num_hh 0.01 0.00 1.97 0.05 0.01 0.00 1.92 0.06 

rural*num_hh2 0.00 0.00 -2.67 0.01 0.00 0.00 -2.65 0.01 

rural*hhhprmed 0.06 0.02 2.97 0.00 0.06 0.02 2.95 0.00 
2R  M:0.5941; C:0.6733 M:0.5962; C:0.6744 

 

Supplementary Table 4: Estimated regression coefficients of fitted 2-level and 3-level linear models by REML*

2R


